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Abstract

The influence of the concentration dependence of axial dispersion on the profiles of breakthrough curves was studied
using the equilibrium-dispersive model. A simple linear relationship between the apparent axial dispersion coefficient and
the concentration was assumed and calculations of band profiles were carried out for both increasing and decreasing values
of the axial dispersion coefficient with increasing concentration. A comparison of the profiles with those obtained with a
constant coefficient shows that the effect of a concentration dependence is significant even for moderate variations.
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1. Introduction

It has been established that molecular diffusion,
axial dispersion and mass transfer kinetics all depend
on the concentration [1-7]. However, the nature of
the functional dependence has not been widely
investigated, even though some results suggest that
this dependence may be quite significant in cases of
practical importance [6].

There is an increased interest in this problem
among chromatographers and a number of inves-
tigations on the concentration dependence of mass
transfer properties have been recently published.
These studies are concerned with the dependence of
the axial dispersion [1], the diffusion coefficient of
proteins, and the effective diffusivity on the sorbate
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concentration [4]. In our group, the axial dispersion
coefficient and the rate constant of mass transfer of
some proteins (e.g., BSA) was found to be strongly
dependent on the concentration [6]. While the diffu-
sion coefficient of proteins has been found to vary
linearly with their concentration [2,3], we have found
that their mass transfer rate constant in chromato-
graphic columns increases nearly linearly with in-
creasing concentration [6]. The dependence of mass
transfer properties on the concentration is of special
concern for proteins because these are the com-
pounds for which the development of . separation
techniques requires the most difficult compromises
between retention, which should be reasonable,
selectivity and efficiency, which should both be high,
and cost, which should be low. Mass transfer of
proteins tends to be sluggish in most cases and this
prevents using high mobile-phase velocities, hence
reduces the production rate which can be achieved.
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The systematic investigation of this phenomenon
requires the availability of a calculation procedure
and the investigation of the results of a number of
computer experiments. These experiments permit
considerable savings in time, money, and wasted
chemicals. In this first report, we consider the
simplest problem, a linear dependence of the axial
dispersion coefficient on the concentration, and we
use the simplest nonideal model, the equilibrivm—
dispersive model [8]. This linear dependence of the
apparent dispersion coefficient represents the balance
of the concentration dependence of molecular diffu-
sion, eddy diffusion, and the mass transfer kinetics.
The goal of this work is to illustrate the effect of the
concentration dependence of the parameters which
control the kinetics of equilibration in chromato-
graphic columns on the profile of the breakthrough
curves. This work should guide further investiga-
tions. More complicated relationships, the influence
of this concentration dependence on the band profiles
in overloaded elution chromatography, and the inter-
pretation of various experimental results will be
considered in the future.

2. Theoretical

We used in this work the equilibrivm—dispersive
model of chromatography [8]. Returning to the
original formulation of the differential mass balance
equation of chromatography gives the main equation
of this new version of a classical model.

2.1. Equations of the model

In the equilibrium—dispersive model, the equilib-
rium between the mobile and the stationary phase is
assumed to be instantaneous and the contributions to
the broadening effects of axial dispersion and the
mass transfer resistances are lumped into an apparent
axial dispersion coefficient, D,(C). The mass balance
equation for one compound is then written:
acC dq aC 9 aC
W+F—8?+u8—z=792|:l)a(c)8_z] ()
where C and g are the concentrations in the mobile
and the stationary phase, respectively, F is the phase
ratio, and u is the mobile phase velocity. The

simplest functional relationship, a linear dependence,
is assumed for the apparent dispersion coefficient,
D,(C), in this work:

D(C)=D.+D.C (2)

where D! and D! are numerical coefficients.
The Langmuir isotherm is used for the adsorption
equilibrium:
aC
1= 7+6C )

The initial and boundary conditions used corre-
spond to the frontal chromatography mode, with a
column initially containing just pure mobile phase
(no sample), and a step injection of a solution of
concentration C, at the inlet of the column. General-
ly chromatography is carried out under such ex-
perimental conditions that apparent axial dispersion
is relatively low, so no dispersion is necessary in the
boundary condition. However, in this work we used
the Danckwerts boundary condition because the
Peclet numbers studied are very low and axial
dispersion at the column inlet becomes significant

[8]:
C(z,0)=0,
9C
uC(0.1) = D€ (04) = uC, for 1 =0,

€ = 4
aZ(L’t)'_O ( )

The system of Eqs. 1-4 states the equilibrium—
dispersive model for a concentration-dependent ap-
parent axial dispersion coefficient. There are no
analytical solutions for this model.

2.2. Calculation of numerical solutions

Numerical calculations are easily carried out using
the finite difference method with a Predictor—Correc-
tor scheme [8,9]. A backward difference is used for
the convection term in the Predictor step, a forward
difference in the Corrector step. A central difference
is always used for the diffusion term. The advantages
of such a scheme are that it is stable and that the
calculation error made is of second order.

The profiles of the breakthrough curves obtained
are compared with those calculated with a constant
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apparent axial dispersion coefficient, using the same
calculation scheme. Because there is a large number
of possible cases, it is more convenient to use the
Peclet number, which is dimensionless, to classify
them. The column Peclet number is given by:

. uL
Pe=2N= D (5)

a

Note that a linear dependence of the dispersion
coefficient on the concentration results in a hy-
perbolic relationship between both the Peclet number
and the column efficiency on the one hand, and the
concentration on the other and that Pe decreases with
increasing axial dispersion coefficient. Combination
of Eqs. 2 and 5 gives:

Pe’

Pe=————
1+Pe C

(6)

with Pe® = uL/D? and Pe' = D! /D’

3. Results and discussion

The results of the calculations are presented as
plots of the concentration, C, versus the reduced
time, t/ty, where f; = L/u is the hold-up time of the
column. The following parameters have been kept
constant throughout this study: the injection con-
centration, C,=25 mg/ml, the phase ratio F=0.449,
and the coefficients of the Langmuir isotherm, a=12
and $=0.024 ml/mg. Because the problem studied is
important when mass transfer is slow (e.g., with most
protein separations), relatively low values of the
column plate number were selected in this work. To
simplify the presentation of the results in spite of the
complexity of the situation due to the large number
of possible combinations, the results have been
grouped and are discussed below. For the same
reason, the Peclet number, Pe=2N, which is directly
accessible from experimental data and well known in
chromatography, is used as the main parameter in the
whole discussion. In cases where it is useful to refér
to D, rather than to the Peclet number, we assume
that uL =1 cm®/s, with e.g. L=10 cm and u=0.1
cm/s, corresponding to a value of £,=100 s, a rather
typical one.

In the following discussion the concentration

dependence is expressed as Peclet number change
from the initial value Pe (C=0) to the final value Pe
(C=25).

3.1. Constant initial Peclet number

In this case, we study the influence of D; at a
constant value of DY. Fig. 1 shows a series of
breakthrough curves obtained for a constant initial
value of the Peclet number equal to 400". The values
of D, considered are between —5-10"° and +7-10~*
em’ s7' mg”', corresponding to changes in the
value of Pe ranging from an increase up to 800 to a
decrease down to 50, respectively. The profiles
obtained for these variable Peclet numbers can be
compared with those obtained for a constant Peclet
number (Pe=400, solid line). Experimental results
[6] suggest that these values are typical.

Obviously because the column efficiency is pro-
portional to the Peclet number, when the Peclet
number decreases with increasing concentration the
breakthrough curve becomes broader, beginning
earlier and ending later than for a constant value of
Pe. The effect is especially important for the largest
decrease in Pe, from 400 to 50 (first curve). Further
comparison requires the definition of the retention

25 —
Pe=400->50 -
Pe=400-->100 ~---
Pe=400-->200 ——-
20 - Pe=d00->2667 ——
Pe=400 —
Pe=400-->5333 ——
Pe=400-->800 ——
15 +
o
10 +
5
0 .
38 4

t/ty

Fig. 1. Breakthrough curves at constant initial value of the Peclet
number. The initial value is Pe=400. The final values are 50, 100,
200, 266.7, 400, 533.3, and 800, respectively.

" NB. This corresponds to D? = 0.0025 and to a colurnn efficiency

of 200 theoretical plates. Although low, this value is not
unreasonable for proteins [6].
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volume of the breakthrough curve. Although this is
somewhat arbitrary [10], we consider in the follow-
ing that this is the elution volume of the inflection
point of the breakthrough curve. With this definition,
the retention volume of the first breakthrough curve
(Pe decreases from 400 to 50) is approximately 4%
lower than that of the curve corresponding to Pe=
400. This would cause the same relative error on the
determination of isotherm data by frontal analysis if
a constant Peclet number is assumed. A telling clue
to the existence of such an effect would be the long
time required to reach the equilibrium plateau.

Note that, because breakthrough profiles such as
those shown here are constant patterns, the profile,
hence the retention volume of the inflection point,
depends on the whole set of Peclet numbers sampled
by the concentration step. Higher concentrations
have larger dispersion than lower ones, so they
disperse faster than in the constant case. This faster
dispersion spreads more sample molecules into the
lower concentration zones and forces them forward.
Thus, they elute from the column earlier. This
explains why the retention time of the inflection
point of the breakthrough curve varies with D!, even
though the Peclet number at C=0 is the same in all
cases. A detailed study of the influence of the
concentration dependence of the kinetic parameters
of mass transfer on the retention volume of break-
through curves and on the accuracy of the determi-
nation of isotherm data by frontal analysis will be
published later [10].

Conversely, the breakthrough curve becomes
sharper when Pe increases with increasing C (e.g.,
last curve in Fig. 1). Now, the column efficiency
increases with increasing concentration, resulting in
a top (i.e., end) part of the curve which is sharper
than the bottom (i.e., beginning). The effect is not
very important, however, because the profile at
constant Pe=400 is already steep. It is noteworthy
that all the breakthrough curves, whether corre-
sponding to increasing or decreasing values of the
Peclet number, intersect at the same point in the
figure, located on the curve corresponding to the
constant Peclet number Pe=400. Thus, the con-
centration corresponding to this point has a constant
retention time, which can be obtained from the
integration of breakthrough curves (area method) [7].
Except for the first two ones, the breakthrough
curves have their inflection point close to the com-

mon intersect, so their retention volume is nearly
independent of the value of Pe.

3.2. Constant final Peclet number

The breakthrough curves obtained in the converse
case of a constant initial Peclet number (Fig. 1) are
illustrated in Fig. 2, where curves corresponding to a
constant final value of the Peclet number, Pe=400,
are plotted. For these breakthrough curves, the initial
and final values selected for the curves in Fig. 1 have
been reversed. The breakthrough curves corre-
sponding to values of Pe increasing with increasing
concentrations (hence starting with low values of Pe)
are broader than the curve corresponding to a
constant value, Pe=400. These curves appear more
disperse in the first part than in the last part. By
contrast, when Pe decreases with increasing con-
centration, steeper breakthrough curves are obtained
but these curves are sharper in the beginning than at
the end (Fig. 2).

As in the previous case (Fig. 1), the breakthrough
curves have a common intersection point (Fig. 2).
However, this point is at a lower concentration (C=
10.2 mg/ml) than the one in Fig. 1 (C=16.6 mg/
ml). Another important feature in this case is that the
range of variation of the retention volume of the
inflection point of the breakthrough curve with the
value of D ; is much narrower, hence the systematic
error made in the measurement of isotherm data is
reduced.

25 T

Pe=50-->400 -
Pe=100-->400 -
Pe=200-->400 —~-
20 Pe=266.7-->400 ——
Pe=400 ——
Pe=533.3->400 ——
Pe=800->400 ~—

15 -

10 -

3.8 4 48

t/tg

Fig. 2. Breakthrough curves at constant final value of the Peclet
number. The final value is Pe=400. The initial values are 50, 100,
200, 266.7, 400, 533.3, 800, respectively.
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3.3. Constant amplitude of the change of the value
of the Peclet number

The effect of a constant absolute change of the
Peclet number on the breakthrough curves is illus-
trated in Fig. 3. Two values of the change have been
considered, APe = + 250 (Fig. 3a) and —250 (Fig.
3b). Other results (not shown) were obtained for
changes of £50 and *=150. In these figures, two sets
of four curves are presented. The first set of curves
was calculated with variable Peclet numbers. The
other set was calculated with the constant Peclet
number corresponding to the average value of the
apparent axial dispersion coefficient (e.g., for Pe
increasing from 50 to 300, D, decreases from 0.02 to
0.003 cm® s™'; the average is 0.011667, corre-
sponding to a Peclet number of 85.7). The inset
shows a blow-up of the region around the inflection
points of these curves.

By contrast with Fig. 1 and Fig. 2, in which all the
curves intersect in the same point, the curves in Fig.
3 do not intersect at the same point (see insets). In
the plots obtained for the lower values of the change,
APe, the various intersects look deceptively close,
because these variations of APe are not large enough
to modify visibly the figure of the breakthrough
curve compared to the one at constant Pe value.
However, this behavior is clear in Fig. 3 in which a
larger variation of *250 is used. The difference
between a breakthrough curve with a variable Peclet
number and the one corresponding to a constant
average value of Pe is largest for the breakthrough
curves with the lowest initial Pe in Fig. 3a and the

@) 25 T — T —
4 .
Pe=50-->300 J
Pe=100-->350 -
Pe=250-->500 ~-~
20 Pe=550-->800 ~—
Pe=857 — i/
Pe=155.6 — ;

i
i /7
Pe=3333 — /| P
Pe=6519 — !

t/tg

lowest final Pe in Fig. 3b. This is due to the
increasing amount of compound spread by disper-
sion.

3.4. Constant relative change of the value of the
Peclet number

In Fig. 1 to Fig. 3, the ratio of the final to initial
values of Pe is different for the different curves. The
influence of a constant relative change of the value
of the Peclet number on the breakthrough curve is
illustrated in Fig. 4. Curves are shown only for ratios
of 3 (Fig. 4a) and 1/3 (Fig. 4b) and compared to
those obtained for constant Pe (constant values
corresponding to the average value of D, in the first
set of curves). All the curves in these figures
intersect at the same point. However, the concen-
tration of this intersection point varies with the value
of the ratio selected. For example, these concen-
trations are 15.1, 14.0, 12.6, and 13.0 mg/ml for
ratios of 1/3, 2/3, 3/2, and 3/1, respectively.

3.5. Comparison of breakthrough curves
corresponding to symmetrical changes in the value
of the Peclet number

Fig. 5a compares three breakthrough curves corre-
sponding each to a constant Pe number and two
corresponding to linear variations between the same
limits, in the opposite directions. The variations of
Pe considered are from 200 to 400 and from 400 to
200. The constant values of Pe used are the two
limits, 200 and 400, and 266.7, the value corre-

25

(b) s
Pe=300-->50 -~
Pe=350-->100 - §

Pe=500-->250 ——-
20 Pe=800-->550 —~
Pe=g5.7 —- 7
Pe=1566 — [
Pe=333.3 — [/
sl Pe=6519 — y
9]
3 i
10 } ¢ :‘.‘ / 18 T 7]
P 17 L /,’I,“..:l
16 | ¥
5 15+ f 1
]4 = l” l"
4 4.3 435 44
4
0 Z . .
38 4 12 14 46 48
t/tg

Fig. 3. Breakthrough curves at constant amplitude of the change of the Peclet number. (a) APe = + 250; (b) APe = — 250.
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a 25 T T T = = 25 T v
@ e (V)
Pe=50-->150 - V& e Pe=150-->50 -
Pe=100-->300 - Pe=300-->100 -----
Pe=150-->450 -—-— / i Pe=450-->150 -—-
20 Pe=250-->750 —— 1 20 Pe=750-->250 —
Pe=75 — : Pe=75 —
Pe=150 — Pe=150 —
Pe=225 — Pe=225 —
Pe=375 — =375 —
15| 'e=375 | 15 b Pe=375
9} 9}
10 + 10 b
5+ k! 5t 4
/ oy
/4 Y/ /
o 5
0 L 4 0 v . .
3.8 4 4.4 4.6 4.8 38 4 42 4.4 4.6 48
t/to t/tg

Fig. 4. Breakthrough curves at constant relative change of the value of the Peclet number. (2) The Peclet number increases threefold. (b) The
Peclet number decreases threefold.

(@ 3 . T .
.
Pe=200 — Ve
Pe=200-->400 /
Pe=266.7 - /
20 Pe=400-->200 ——- 4
Pe=400 ——
15 | w
9
10 | J
5t J
0 " A
3.8 4 46 4.8
t/tp
b
(b) 25 . :
Pe=200 —
Pe=200-->800
Pe=320 -
20 - Pe=800-->200 ~—- b
Pe=800 ——
15+ q
9]
10 + 1
5F J
0 . e ,
38 4 42 4.4 46 48

t/tg

Fig. 5. Opposite increase and decrease of Pe. (Left) The Peclet number increases from 200 to 400 or decreases from 400 to 200.
Breakthrough curves BC(200), BC(400), BC(266.7) (266.7 is the Pe corresponding to the average value of the dispersion coefficient),
BC(200—400) and BC(400—200). (Right) The Peclet number increases from 200 to 800 or decreases from 800 to 200. Breakthrough
curves BC(200), BC(800), BC(320) (320 is the Pe corresponding to the average value of the dispersion coefficient), BC(200-800), and
BC(800—200).
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sponding to the average dispersion coefficient. We
call them BC(200), BC(400), and BC(266.7), re-
spectively. These three curves intersect at the same
point, almost in the middle of the concentration wave
(13.4 versus 12.5 mg/ml for the average). The two
curves corresponding to the opposite variations of
the Peclet number are called BC(200—400) and
BC(400—200). They intersect in two different points
(concentrations, 4.7 and 21.7 mg/ml). The curve
BC(266.7) goes through all these three intersection
points (at 3.6, 15.5, and 22.25 mg/ml).

Compared with BC(266.7), curve BC(200—400)
has a broader beginning and a sharper ending, while,
conversely, curve BC(400—200) has a sharper
beginning and a broader ending. This is because the
axial dispersion is larger at the beginning of the
former breakthrough curve and decreases with in-
creasing concentrations, while the opposite is true for
the latter. At moderate concentrations (below ca. 7
mg/ml), BC(200) and BC(200—400) are nearly
parallel. At higher concentrations they come closer
to each other and eventually intersect as
BC(200—400) becomes steeper (Fig. 5a). The same
is true for BC(400) and BC(400—200). The con-
verse is true for the two couples BC(400) and
BC(200—400), and BC(200) and BC(400—200)
which intersect at low concentrations and become
nearly parallel at high concentrations.

The same conclusions can be drawn from similar
figures obtained for different values of the change in
Pe and different values of the Peclet number corre-
sponding to the average axial dispersion coefficient.
Another illustration is given in Fig. 5b which shows
the modifications of the breakthrough curves which
take place as a response to changes of Pe from 200
to 800.

3.6. Influence of the amplitude of the change in
Peclet number

Fig. 6 shows three sets of curves similar to those
shown in Fig. 5, with three different values of |APe|,
100, 150 and 400, respectively. Each set has two
intersection points as pointed out in Fig. 5a, one at a
low, the other at a high concentration. The three
upper intersection points and the three lower ones
have the same concentration. This figure illustrates
the symmetry of the breakthrough curves with
respect to the exchange of the limits of the variation

25 —

Pe=100-->250 —
Pe=250-->100 —
Pe=200-->300 -
F Pe=300-->200 -
Pe=400-->800 -
Pe=800-->400 -

20

15 F

10 +

t/ty

Fig. 6. Comparison between breakthrough curves corresponding to
opposite step changes of Pe. The different curves correspond to
increases and decreases of Pe by 100, 150 and 400.

of the Peclet number. As a consequence, this also
underlines the fact that the breakthrough curve
becomes unsymmetrical when the apparent axial
dispersion coefficient is a function of the concen-
tration. The stronger the concentration dependence,
the more unsymmetrical the breakthrough curve.
When Pe increases with increasing concentration the
top or end part of the breakthrough curve becomes
steeper than the bottom or initial part. The converse
is true when Pe decreases with increasing concen-
tration (Fig. 6).

3.7. Influence of the isotherm coefficients

A change in the first coefficient, a, of the isotherm
has the trivial effect of shifting the retention time of
the breakthrough curves. The value of the second
coefficient, b, determines the saturation capacity of
the stationary phase, hence the degree of nonlinear
behavior experienced for a certain concentration. A
change in b modifies the thickness of the shock layer
(or mass transfer zone) [8]. However, a change in the
value of b has the same effect as the same relative
change in the height of the concentration step. The
parameter b and the concentration should not be
considered separately; the product bC is the im-
portant parameter (see Eq. 3). When this product
increases, the breakthrough curves become steeper.

Fig. 7 shows the breakthrough curves calculated
assuming a value of the second coefficient of the
isotherm five times larger that in all previous figures
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Pe=320 -
20 b Pe=B00-->200 ~--
Pe=800 ——

15

10

22 2.25 23 2.35 24 245 25

Fig. 7. Influence on the breakthrough curve of a change in the
second coefficient of the isotherm. Same as in Fig. 5b, except the
Langmuir parameter 5=0.12 ml/mg (i.e., 5 times larger).

(ie., »=0.12 ml/mg instead of 0.024 ml/mg), the
same step concentration, the same values of the
Peclet number and the same parameters of its
concentration dependence as used in Fig. 5b. Com-
paring these two sets of figures shows that, due to
the increased intensity of the nonlinear behavior, the
breakthrough curves have become steeper (different
scales in these two figures). The middle intersection
point in Fig. 7 has a higher concentration than that in
Fig. 5b, while the lower and upper intersection points
have nearly the same concentrations.

4. Conclusion

The influence of the concentration dependence of
the apparent axial dispersion coefficient on the
profile of breakthrough curves may be very im-
portant. The extent of variation of Pe observed
experimentally in the range of concentrations typical-
ly used in liquid chromatography can be as large as
the widest ranges considered in the various examples
given above. This phenomenon seems to be especial-
ly important for proteins {6].

A strong dependence of the shape of the bréak-
through curve and the retention volume of its
inflection point on the concentration has important
consequences on the accuracy of measurements done
by frontal analysis [7]. It is widely assumed that the
retention volume of the breakthrough curve does not

depend on the value of the rate coefficient of mass
transfer or of the axial dispersion coefficient [8].
Although this assumption is true if the retention
volume is derived from the integration of the break-
through profile, its validity does not extend to
retention times determined using alternative methods
[7] which are more practical and much more widely
used. In these cases, the validity of the assumption of
breakthrough profiles independent from the rate
coefficient of the mass transfer kinetics falters, as we
have shown in this work, when the apparent axial
dispersion coefficient depends on the concentration,

5. Glossary of symbols

a First numerical parameter of the Langmuir

isotherm

b Second numerical parameter of the Langmuir
isotherm

C  Liquid phase concentration of the component

C, Injection concentration of the component

D,  Apparent dispersion coefficient

D: Constant term of the apparent dispersion co-
efficient

D) Coefficient of the concentration dependent
term of the apparent dispersion coefficient

F  Phase ratio

L Column length

N Column efficiency

Pe  Column Peclet number (Pe = ulL/D,)

Pe° Valuoe of the Peclet number at C=0 (Pe” = uL/
D))

Pe' Coefficient of the concentration-dependent
term of the Peclet number (Pe' = D;/Dg)

q Solid-phase concentration of the component

t Time

t,  Hold-up time of the column

Mobile-phase flow velocity
z Position in the column
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